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ABSTRACT 

In this note we generalize a result by Alekseev and Strobl for the case of p-branes. 
We show that there is a relation between anomalous free current algebras and 
"isotropic" involutive subbundles of T© A P T* with the Vinogradov bracket, that 
is a generalization of the Courant bracket. As an application of this construc- 
tion we go through some interesting examples: topological strings on symplectic 
manifolds, topological membrane on G 2 - m amfolds and topological 3-brane on 
Spin(7) manifolds. We show that these peculiar topological theories are re- 
lated to the physical (i.e., Nambu-Goto) brane theories in a specific way. These 
topological brane theories are proposed as microscopic description of topological 
M/F-theories. 
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1 Introduction 



Recently Hitchin proposed to consider the generalized geometry where the tangent bundle 
TM is replaced by the tangent plus cotangent bundle TM © T*M. In different context 
and by different authors it has been pointed out that there is string theory origin of the 
generalized geometry based on TM © T*M. Indeed many concepts of generalized geometry 
have their string theory counterpart. Insprired by this relation we would like to make one 
step further and ask about possible relevant geometric concepts for p-brane theories. In this 
note we propose that for p-brane theories the relevant geometry is based on TM © A P T*M 
bundle. 

The paper consists of two results. First of all we generalize Alekseev-Strobl observation £Q 
to the case of generic p-brane theory. Namely we associte to anomaly free algebra of p-brane 
currents an "isotropic" involutive subbundle L of T © A P T*. This algebra can be regarded 
as an algebra of first class constraints for some gauge theory. In particular we consider a few 
interesting examples of such gauge theories, namely topological p-brane theories. We study 
the compatibility condition between L and Riemannian geometry and show that it singles 
out a very interesting subclass of topological p-brane theories on special class of manifolds. 
These examples complement the recent discussion of topological M-theory (TU1 El EE2 I2U HE] 
and topological F-theory [2], however at microscopic level. This is our second result. 

The structure of the paper is as follows. In Section El we describe the phase space for 
p-brane theory which is a simple generalization of the cotangent bundle of loop spaces. 
In Section 01 we associate currents to the sections of T © A P T* and calculate the Poisson 
bracket between them. The calculation gives rise to the Vinogradov bracket on T © A P T* 
(the direct generalization of Courant bracket on T © T*) and a specific anomalous term. 
The anomaly free subalgebras of the currents can be associated with "isotropic" involutive 
subbundles of T © A P T*. We discuss the examples of such subbundles and show that the 
anomaly free subalgebras of currents can be interpreted as first class constraints of some 
gauge theory. In Section 0] we consider the class of topological p-brane theories which are 
related to the Nambu-Goto p-branes in a specific way. Actually we obtain the topological 
strings on symplectic and Kahler manifolds, topological membranes on G^-manifolds and 
topological 3-branes on £pm(7)-manifolds. Section |S] presents some comments on the open 
p-brane theory. In particular we discuss the allowed boundary conditions which preserve the 
relevant symmetries. In Section El we summarize and collect some general comments for the 
future research. 
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2 Hamiltonian formalism for £>-branes 



The phase space of closed strings on a manifold M can be identified with the cotangent 
bundle T*LM of the loop space LM = {X : S 1 — *> M}. Below we present a straightforward 
generalization of this construction to the case of generic closed p-brane theory. 

Following the logic above for the p-brane world- volume £ p +i = S p x M. the phase space can 
be identified with the cotangent bundle T*E P M of the space of maps, E P M = {X : E p — > M}. 
Using local coordinates X M (cr) and their conjugate momenta p M (cr) the standard symplectic 
form on T*E p M is given by 

uj = J d p a 5X 11 A%, (2.1) 

where 5 is de Rham differential on T*E P M. The canonical dimensions of the fields should 
be chosen such that u is dimensionless. Namely we choose 3 dim[X^\ = 0, dim[a] = 1 
dim[d] = — 1 and dim[py\ = —p. The symplectic form ()2.1|) can be twisted by a closed 
(p + 2)-form H, H G fi p+2 (M), dH = 0, as follows 

u = j ' dPa UI" A % + \H m3 ,„ IXp+2 5X> 11 A 6X^e a ^ a "d ai X^...d ap X^ , (2.2) 

where e ai '" ap is completely antisymmetric tensor on E p . The symplectic form ()2.2|) implies 
the Poisson brackets 

{X»,X>')} = 0, {X»,p,(<t')} = %5{a - a'), (2.3) 

{p^),^^)} = -H^ Pl ... Pp e a ^d ai X^...d ap X^5(a - a'). (2.4) 
For the symplectic structure ()2.2|) the transformation 

X" - X", p M -> p li + b ian „. Vp( ?*'~ a >>d ai X'*...d ap X v >> (2.5) 

is canonical if 6 G f2 p+1 (M), db = 0. There are also canonical transformations which cor- 
respond to Diff(M) when X transforms as a coordinate and p as a section of cotangent 
bundle T*M. Indeed the group of local canonical transformations for T*E p M is a semidirect 
product of Diff(M) and ^cZosed(^) in analogy with the loop space case [28] . 

Finally we conclude the discussion of Hamiltonian formalism for p-brane theory with the 
following comment. Typically the symplectic form (|2.2j) arises from the action 

S(l) = J (0-h), (2.6) 

7 

3 We work in units where p-brane tension T p is equal to one. For details see Appendix B. 
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where 9 is a Liouville form u = 59, h is a Hamiltonian and 7 is a path in T*T, p M. In order 
the exponential of this action, e* 5 '- 7 *' to be well-defined we have to impose the intergrality 
condition on H. Namely we have to require that [H] G H P+2 (M, Z). 



3 Current algebra and generalized Dirac structure 

In this section we consider the generalization of the idea proposed in where the authors 
established the relation between 2D anomaly free current algebras and Dirac structures. 

Let us consider the currents which are linear in momentum p^. If we assume that the 
currents do not depend on any dimensionful parameter or world-volume metric then the 
most general form is given by 

Je(v + u) = J 'dFcre (v»{X) Vll + u^ p (X)e a ^d ai X v K..d ap X^) , (3.7) 

where v + lu is a section of Tffi A P T* and e G C°°(E p ) is a test function. Using the symplectic 
structure (j2.1|) we calculate the Poisson bracket of two currents associated to (v+u), (A+s) G 
C°°(T © A P T*), 

{J^v + uj), J e2 (X + s)} = -J eie2 ([[v + uj,X + s}})- 
-p j rfV(9 Ql e 1 ) e2 (^ S + ^), 2 ..., p e Qia2 - cl ^ Q2 X^...9 Qp X^, (3.8) 

where the bracket [[ , ]] is defined as follows 

[[v + lu, X + s]] = [v, X] + C v s - C\uj + d{i\u). (3.9) 

In (|3.9J) [ , ] is the standard Lie bracket on TM and £ is a Lie derivative. Alternatively the 
result ()3.8|) can be rewritten as 

{J ei (v + uj),J 62 (X + s)} = -J eie2 ([v + u, A + s] c ) + 
+ ljd p a (e 1( 9 ai e 2 - e 2 d ax e 1 ){i v s + t x uj) U2 ... Up e a ^-^d Q2 X^ ...d ap X v " , (3.10) 

Yip 

where the bracket [ , ] c is given by 

[v + u, X + s] c = [v, X] + C v s - C x uj - ^d(i v s - (3.11) 
The bracket [ , ] c is just antisymmetrization of the bracket [[ , ]]. 
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The bracket [[ , ]] is an example of derived bracket (see (20] for a review) and its antisym- 
metrization [ , ] c is called Vinogradov bracket. One interesting feature is that the bracket 
[ , ] c has non-trivial automorphisms defined by forms [17] . Let b G Q P+1 (M) be a closed 
(p + l)-form which defines the vector bundle automorphism e b of T © a p T* 

e b (v + u) = v + uj + i v b. (3.12) 

Then the bracket [ , ] c satisfies 

e b ([v + u, X + s] c ) = [e b (v + u), e b (X + s)] c . (3.13) 

This non-trivial automorphism of [ , ] c corresponds to the canonical transformation (j2.5j) at 
the level of Poisson bracket of currents (J3.1(J|) . If we are interested in the situation when 
anomalous term is absent in (|3.10p and the currents form a closed algebra then we should 
require the following. Let label the currents by sections of a subbundle LcT® A P T*. In 
(|3.1U|) the anomalous term is absent if for any (v + u), (A + s) G C°°(L) 

-(i v s + i x u) = (v + cj,\ + s) = 0, (3.14) 

where ( , ) is "pairing" between two sections of T © a p T* which is a map (T © A P T*) x 
(T © A P T*) -> A P_1 T* where A°T* is understood as R. The bundle automorphism (l3~T2l) 
preserves this "pairing". We call isotropic any subbundle L which satisfies (13.14}) . Moreover 
if we require that our currents form a closed subalgebra then we have to impose that for any 
two sections (v + lj), (A+s) G C°°(L) the section [v+u, X + s] c G C°°(L), i.e. the subbundle L 
is involutive. Indeed the bracket [ , ] c restricted to involutive isotropic subbundle of T© A P T* 
is a Lie bracket 4 . Since we could not find the proof of this statement in the literature we 
present the proof in Appendix A as well as other relevant properties of the brackets. The 
proof is a direct generalization of the proof for T © T* . Thus isotropic involutive subbundle 
L, as defined above, corresponds to anomaly free algebra of currents 

{J tl {v + u), J e2 {X + s)} = -J eie2 ([v + u,X + s] c \ L ). (3.15) 

For the case p — 1 if L is also maximally isotropic then it is called Dirac structure. In the 
general situation p > 2 it is tempting to define a generalized Dirac structure as a maximally 
isotropic involutive subbundle of T © A P T* . Although we have to admit that the notion of 
maximality of isotropic condition (J3.14|) is not very natural, however see some comments in 
Appendix. For different definitions of generalization of Dirac structure for T © A P T* (also 
called the Dirac-Nambu structure) see [T3] and [2*7] . 

4 Indeed L has a structure of the Lie algebroid with the anchor being a natural projection to TM . 



4 



The algebra of currents (J3.15|) corresponding to involutive isotropic subbundle L can be 
regarded as an algebra of first class constraints for some gauge theory. In next Section we 
will give a few examples of such theories, namely topological p-branes. 

Let us present some examples of isotropic involutive subbundles of T © A P T*. 

Example 1 Let us fix a (p + l)-form, (f) e Q P+1 (M) and consider the subbundle L = {v + 
i v <p, v G T} C T © a p T* which is obviously isotropic 

(v + i v (p, A + i x 4>) = ^{i v i\<P + i\i v 4>) = °- 

Next calculate the bracket between two sections 

[v + i v <f>, A + ix4>} c = [v, A] + i[ v ,\]<f> + i\i v d<f>, (3.16) 

where we used the property [C v ,i\] = i[ v ,x\- The subbundle is involutive if the last term 
vanishes in A3. 16)) . i.e. dcf) = 0. In other words T is involutive isotropic subbundle and 
L = e^(T), where e^ is the bundle automorphism defined in hS.lty for closed (p + l)-form. 

The next example is related to the complexification of the bundle (T © A P T*) ® C. 

Example 2 On complex manifold we can consider the subbundle L = Tmq) © (A p T*)( 0iP ) of 
(T© A P T*) © C. The sections of L are holomorphic vector fields and antiholomorphic forms 
(i.e., elements of Q^°' P '(M)). The subbundle L is obviously isotropic and the bracket of two 
sections of L is 

[v + lj, A + s] c = [v, A] + i v ds — i\dui 
which is clearly a section o/T( 10 ) © (A p T*)( 0iP ). Thus L is an isotropic involutive subbundle. 

It is not hard to produce other examples of involutive isotropic subbundles of T © A P T*, for 
example based on foliated geometry. In addition we can apply any closed (p + l)-form b 
which defines automorphism (j3.12j) to an isotropic involutive subbundle L to obtain another 
isotropic involutive subbundle e b (L). 

So far we calculated the Poisson brackets using (j2.1j) as symplectic structure. More 
generally we can calculate the Poisson brackets ()3.10j) using the twisted symplectic structure 
O with H e Q P+2 (M), dH = 0. In this case the bracket [ , ] c in (EJUj) gets replaced by 
its twisted version 

[v + u, A + s]h = [v + u, A + s] c + i v i\H. (3-17) 

All considerations above can be generalized to this case. Thus in particular Example 1 gives 
rise to isotropic involutive (with respect to [ , }h) subbundle if dcf) = H. 
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Finally let us note that the currents (J3.7|) behave nicely under the diffeomorphisms of 
S p . Introduce the generator of of Diff(E p ) 



where N a is a text function. The Poisson bracket between generator of Diff(E p ) and the 
current (|3.7|) is 



where we assume ()2.2|) as symplectic structure. 

4 Vector cross product and topological branes 

In this Section we use the construction of involutive isotropic subbundle L given in Example 
1 from previous Section. For this subbundle we can construct the anomaly free subalgebra 
of currents (J3.15|) . We interpret these currents as first class constraints for a topological 
p-brane theory. We impose a specific compatibility of with a Riemannian metric g on M 
which leads to a certain relation between topological and physical p-brane theories. Indeed 
all such theories can be classified and there is a finite number of them. 

We start by explaining the compatibility condition between the (p + l)-form and a 
Riemannian metric g on M. We all are familiar with the usual vector cross product x of 
two vectors in M 3 , which satisfies 

• u X v is bilinear and skew symmetric 

• u x v _L u, V] so {u x v) ■ v = and (mxd)-m = 



The generalization of vector cross product to a Riemannian manifold leads to the following 
definition by Brown and Gray [H] 

Definition 3 On d- dimensional Riemannian manifold M with a metric g an p-fold vector 
cross product is a smooth bundle map 




E. 



{H a [N a ], J t (y + uj)} = J N o dae (v + u), 




X : A P TM -> TM 



satisfying 



g(x(vi,-,v p ),Vi) = 0, l<i<p 
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g(x(vt, ...,v p ),x(vi, ...,v p )) = \\v! A ... Av p \\ 2 
where \\...\\ is the induced metric on A P TM. 

Equivalently the last property can be rewritten in the following form 

g(x(vi, -,v p ),x(vu ■■;V P )) = det(#(%,u,)) = \\vi A ... A v p \\ 2 . 

The first condition in the above definition is equivalent to the following tensor <fi 

0Oi, v p , v p+1 ) = g(x(vi, Vp),v p+ i) 

being a skew symmetric tensor of degree p + 1, i.e. <fi G Q P+1 (M). Thus in what follows we 
consider the (p + l)-form which defines the p-fold vector cross product. 

Cross product on real spaces were classified by Brown and Gray j^j. The global vector 
cross products on manifolds were first studied by Gray [T3]. They fall into four categories: 

(1) With p — d — 1 and <fi is the volume form of manifold 

(2) When d is even and p — 1, we can have a one- fold cross product J : TM — > TM. 
Such a map satisfies J 2 = — 1 and is almost complex structure. The associated 2-form is the 
Kahler form. 

(3) The first of two exceptional cases is a 2-fold cross product (p = 2) on a 7-manifold. 
Such a structure is called a GVstructure and the associated 3-form is called a G 2 -form. 

(4) The second exceptional case is 3-fold cross product (p = 3) on 8-manifold. This is 
called a Spm(7)-structure and the associated 4-form is called Spin(7)-form. 

Notice that there are similarities of this list of real vector cross products with the list of 
stable forms ^Hj- Namely the cases (2) and (3) correspond to stability of <p. The complexified 
version of the vector cross product which allows to consider Calabi-Yau manifolds, see |21j . 
However we will not review the complex version of vector cross product. 

Following the discussion from previous section, in particular Example 1, there is a set of 
topological p-brane theories we can associate to a p-fold vector cross product characterized 
by (p + l)-form 0. Consider a subbundle L = {v + i v <fi, v G T} of T © A P T*. To the sections 
of L we can associate the following constraints (currents) 

J,* = P I > + <f>^...u p e ai --- ap d ai X v \..d ap X^ = 0, (4.18) 

where we work in local basis <9 M . Alternatively we can rewrite the constraints in coordinate 
free form 

i v J = i v p + g(x(diX, d p X),v) = 0, (4.19) 
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where v is a section of TM. The constraints (J4.18|) are the first class with respect to the 
symplectic form (j2.1j) if d<ft = 0. In the twisted case, when one uses ()2.2|) . the first class 
condition leads to dip = H . 

Let us now study the compatibility condition between the topological system ()4.18|) and 
the Nambu-Goto dynamics. The constraints (j4.18|) imply the Nambu-Goto costraints (see 
Appendix B) 

H tt =^ tt F = (4.20) 
U = P^ u Pu - det(d a X»g^dpX u ) = (4.21) 

if and only if corresponds to vector cross product 5 . Namely 

n a = j^x* = o 

and 

P^Pu = \\diX A ... A d p X\\ = det(g(d a X, d p X)), 

where we have used the second property in the definition of vector cross product. Indeed 
the Nambu-Goto p-brane theory is decribed by (p + 1) constraints ()4.20|) and (|4.21|) . see 
Appendix B for the details. 

We constructed TFTs such that their constraint surface = lies inside the constraint 
surface for the standard p-brane theory, 

J M = H a = 0, H = 0. 

Classically it means that the BRST cohomology of topological branes is subspace of the 
BRST cohomology of physical brane theory. At quantum level we may speculate that the 
correlators of observables of topological brane theory are related to subsector of physical 
brane theory, in analogy with the relation between topological strings and superstrings. 
However, at the present level of discussion, we cannot elaborate more on the relation between 
quantum toopological and physical brane theories. 

There is an alternative point of view on the relation between the topological p-brane 
theory and standard p-brane theory (i.e., given by Nambu-Goto (NG) action) on a manifold 
with a vector cross product structure. Namely the Nambu-Goto action can be thought of 
as a deformation of the corresponding topological theory. The Hamiltonian of Nambu-Goto 
theory is given by the following expression 

h NG = J d p a (NH + N a H a ) , 

5 Indeed previously the cross vector product has been discussed in the context of p-brane instantons for 
the Nambu-Goto theory [51ITT]. 
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where 7i, 7i a are the constraints (|4.2(J|) - (|4.21|) and N, N a are Lagrangian multipliers. Next 
assume that <ft defines a vector cross product with respect to g, so does —<fi. We define the 
currents 

J± = p„ ± <P^...„ p e a ^d ai X»K..d ap X"> 
and rewrite the constraints Ti,, 7i a as follows 

U = J+g^J- and H a = d a X»J+, 

where we used the fact that <ft is vector cross product with respect to g. As a further 
preparatory step, we introduce the auxiliary fields and rewrite the NG action as 

S NG = J dtd p a (p^ - BtJ- - B» + j; + ^B%g^B»_ - ^N^X^bA (4.22) 

Since the fields B+ enter linearly we can integrate them and arrive at the standard Nambu- 
Goto action in the phase space form. Obviously the action ()4.22|) is not unique and there 
are other equivalent ways to rewrite it. 

For the topological p-brane theory we have two possible (equivalent) Hamiltonians 

h ± = J d p a B£J±, 

where B± are the Lagrange multipliers. In action (J4.22j) actually both currents enter. 
However we do not want to introduce two copies of the topological theory and thus one of 
the two should be fake. This can be easily obtained by considering the action 

S top = J dt d?a (p^X" - BtJ~ - B%J+ - x^B^j , (4.23) 

where Xn ls the Lagrange multiplier freezing B+. Now combining (|4.22|) and (|4.23|) it is 
straightforward to write the Nambu-Goto action as follows 

Sng = Stop — ^Sdef (4.24) 

where 

S def = J dt d p a (^N a d a X^ v Bt + Vlx (gTxv + ^B!tj ) 

where rj is an additional auxiliary field. In (|4.24j) at A = the theory describes the topological 
p-bi&ne theory. If A is non zero then the action ()4.24)1 becomes Sng upon a rescaling of the 
Lagrange multipliers N a — > A _1 iV a . This construction (or its versions) exists only if 
corresponds to a vector cross product structure and d(f> = 0. 

Thus for the list of vector cross product structures given above there is a corresponding 
list of topological p-brane theories. The first case with given by the volume structure 
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corresponds to the trivial case when the Nambu-Goto action is itself topological since it 
describes the embedding of (d — l)-branes into a d- dimensional manifold, for details see [3]. 

We would like to discuss the other three non-trivial cases: topological strings on symplec- 
tic manifolds (also on generalized Kahler manifolds), topological membranes on GVmanifolds 
and topological 3-branes on 5pm(7)-manifolds. 

4.1 Topological strings on symplectic manifolds 

Case (2) in the list of real vector cross products corresponds to A-model topological strings. 
1-fold cross product J : TM — > TM corresponds to an almost complex structure 6 , J 2 = 
— 1. The associated 2-form u = g J is the Kahler form. The constraints corresponding to 
maximally isotropic subbundle L = {v + i v u, v G T} of T © T* are 

Vll + w^dX" = 0. (4.25) 

They are first class constraints if du = and thus the manifold M is symplectic. Indeed 
this is nothing but A-model topological string theory. 

As far as classical B-model is concern we have to introduce another structure on M. This 
would correspond to Example 2 in Section |3] with p = 1. Thus in this case M is a complex 
manifold with the complex structure J and the constraints are given by 

Pi = 0, dX 1 = 

in complex coordinates. To accomodate both A- and B-models on the same M we have to 
restrict ourselves to the case of Kahler manifold (J,g,u = gJ). In this case we have the 
following decomposition into holomorphic (antiholomorphic) subbundles 

(T © T*) © C = T (1,0) © T (0 ' 1} © T* (1 ' 0) © T*^ 1] . (4.26) 

There are two interesting sets of complex Dirac structures, first one is 

T (i,o) T *(o,i) 

or 

complementary t^ 1 )©^ 1 ' )) and second is T^®T*^ (or complementary t(°' 1 )©T*(°- 1 )). 
Indeed they corresponds to two different generalized complex structures 

Ji : (T©T*) ©C -> (T©T*) ©C, i = l,2 

such that J 2 = — 1 and = |(1 ± iJi) project maximally isotropic involutive subbundles 
of (T©T*) ©C (for more details see [Hj). In the case of Kahler manifolds the corresponding 
generalized complex structures are 

( J \ f -uj- 1 \ 

M° -jl )• U o \ { ] 

6 The vector cross product properties read (gJ) 1 — —gJ and J f gJ = g which imply J 2 = —1. 
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which commute and give rise to the following positive metric on T © T* 

Q = -J1J2 = 

Introducing 



g- 1 
9 



A 



idX 
P 

as a section of pull-back of tangent and cotangent bundle, X*((T © T*) © C) we have four 
topological string theories given by the set of first class constraints 

LT ± A = 0. (4.28) 

Indeed there are only two distinct theories. For the case 

T (i,o) T *(o,i) we have n 2 A = q 

i.e. 

Pi - ig fj dX' j = 0, pi + i gij dXi = (4.29) 
which is A-model topological strings. For the other case 

T (i,o) T *(i,o) the cons t ra i n ts arc 

IF A = 0, i.e. 

Pi = 0, dX 1 = (4.30) 

corresponding to B-model topological strings 7 . Obviously both A- and B-models constraints 
imply the physical string constraints, TCi = p^dX^ = and Ti = p^g^Pv — dX^g^dX" = 0. 
Using the natural pairing ( , ) on T © T* (see (|A.5|) for p = 1) we can rewrite the string 
constraints as follows 

- iHi = (A, A) = 0, 2ft = (A,£A) = 0. (4.31) 

Since we have formulated everything in T©T* covariant language it is not hard to generalize 
above discussion to the case (twisted) generalized Kahler manifolds as defined in ^3]. The 
generalized Kahler structure is given by two generalized complex structures J\ and Ji which 
commute and Q = —J1J2 defines the positive metric on T © T*. 



4.2 Topological membrane on G2 manifolds 

The first exceptional case, namely (3) in the list of real vector cross product structures, 
corresponds to M being oriented 7-manifold with a global 2-fold cross product structure 
(p = 2). This cross product is defined by Riemannian metric g and 3- form $ which gives 

7 Using the relation — g^X in (|4.29|) and l|4.30|l one can recoginize the holomorphic map and constant 
map conditions over which A- and B-model path integrals are localized correspondently. 
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rise to a G 2 -structure on the manifold 8 . The topological membrane theory on G 2 -manifold 
is defined by the following first class constraints in T*£ 2 M 

+ (Sf^d^apX" = 0. (4.32) 

The algebraic properties of $ are such that the constraints (|4.32j) imply the membrane 
constraints (j4.2U|) - (J4.21)) . g?$ = is equivalent to the fact that (|4.32j) are first class constraints 
with respect to the symplectic structure (j2.1|) . We put forward this as the Hamiltonian 
description of recently proposed topological M-theory [TUl El EE3 12H at microscopic level. 

Suppose that GVmanifold M 7 is of the form M 7 = M 6 x S 1 , where M 6 is a six-dimensional 
manifold with SU(3) structure. Let X 7 be a coordinate along S l then $ can be written as 

$ = u A dX 7 + p, (4.33) 

where u is the Kahler 2-form and p is the 3-form which defines the almost complex structure 
on 6-manifold. If u and p do not depend on X 7 then <i$ = implies that dw = and dp = 
on Mq. Membranes on such Mj can be reduced either to strings on Mq or to membranes 
on M 6 depending on the orientation with respect to S 1 . If the brane is wrapped along S* 1 
then we can make a partial gauge fixing X 7 = a 2 /L with L being the size of S 1 . Then the 
constraint ()4.32|) becomes 

Lp n + 2Lp nrnl d 1 X m d 2 X l + 2u nm d x X m = 0, p 7 + 2u nm d 1 X n d 2 X m = 0, (4.34) 

where p = (n, 7) . If we want to reinterpret this as a constraint in Mq we have to redefine 
the momenta 9 p n \M 6 = Lp n and restrict our attention only to a 2 inedpendent configurations 
(e.g., by requiring d 2 X n = 0). Assuming this we arrive to the constraint 

p n + 2u nm d l X m = (4.35) 

which is A- model on M 6 . Another possibility corresponds to the case when original mem- 
brane does not have excitations along X 7 , e.g. X 7 chosen to be a constant. Then in this 
case the theory on Mq is membrane theory 10 , 

Pn + PnmldiX m d 2 X l = 0. (4.36) 

Since this theory depends on complex moduli it is tempting to call it B-model. Although 
perturbative B-model is typically defined as a topological string theory there should be a 
dual formulation in terms of membrane theory. Indeed this option is very natural from 
geometrical point of view due to the moduli dependence. 
8 In this case the metric g can be expressed in terms of 

9 See Section |21 and Appendix for our conventions on the dimensionality of fields. 

10 Using the notion of complex vector cross product we can show that a complex version of the constraints 
H4.36fl implies the membrane Nambu-Goto constraints. 
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4.3 Topological 3-brane on Spin(7) manifolds 

The last case in the list of real vector cross products to an oriented 8-manifold M with a 
global cross product structure with p = 3. This cross product gives rise to an associated 
Riemannian metric g and 4- form Indeed \I> is self-dual form *\1> = \P, which is called 
sometime Cayley form and defines 5pm(7)-structure on M. The theory is described by the 
following first class constraints in T*£ 3 M 

P„ + ^^pa^d^dpXPd^ = 0. (4.37) 

The algebraic properties of \1/ would follow from the requirement that above constraints 
imply the 3-brane constraints ()4.20j) - ()4.21|) . The closure of \1/ is equivalent to the constraints 
(|4.37J) being first class with respect to the symplectic structure 1)2.1)1 . We propose that 
this topological 3-brane theory is microscopic description of topological F-theory recently 
discussed in j2]. 

Let us study two possible reductions of 3-brane topological theory on £pm(7)-manifold 
down to G%- and S'[/(3)-manifolds. As a first case consider Spm(7)-manifold of the form 
M 8 = M 7 x S 1 with 

* = dX 8 A $ + *$ (4.38) 

where $ is (^-structure on M-j independent on X 8 . As result dty = implies <i$ = and 
d * $ = 0. In analogy with the reduction we discussed in previous subsection a reduction of 
topological 3-brane theory on Mg gives a topological membrane theory (with $ in constraint) 
theory and topological 3-brane theory (with *<3> in constraint) on M7. However topological 3- 
brane theory cannot be related to 3-brane Nambu-Goto theory in a way described previously. 

Following [2] we can consider Spin (7)-manifold M 8 = M 6 x T 2 where M 6 is SU(3)- 
manifold. Assuming that (X 7 ,X S ) are coordinates along T 2 the Cayley form is given by 

* = dX 7 Ap- dX s A p + dX 7 A dX s A u + -u A u, (4.39) 

where (p,u) defines S77(3)-structure on M 6 , such that Q = p + ip. We can reduce the 
topological 3-brane theory given by ()4.37j) down to M 6 . We get a family of topological 
theories: topological strings (uj), topological 3-branes (u Au) and two topological membranes 
(for p and —p). Since on M§ topological 3-brane theory is self-dual = in Mq we 
get the duality between topological string (u) and topological 3-brane (uj A lo) and another 
duality between topological membrane theories (p and —p). Indeed two first theories can 
be interpreted as A-model and membrane theories as B-model. This would agree with the 
expected moduli dependence. Presumably the duality we just discussed is related to proposed 
S-duality [22 ■ 
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5 Open £>-branes 



The open string phase space can be identified with the cotangent bundle T*PM of the path 
space PM = {X : [0, 1] — > M X(0) G Dq,X(1) G D{\. This construction can be generalized 
to the case of open p-branes. Assume for the sake of clarity that dH p consists of one com- 
ponent. For such open p-brane the phase space can be identified with the cotangent bundle 
T*E p M£> of the space S p Md = {X : S p — > M, X{dH p ) C D} where D is a submanifold of 
M, i : D M. To write down the symplectic structure on T*H p Md we have to require that 
there exists B G Q P+1 (D) such that dB = i*H. Hence the symplectic structure is given by 

u = JcPa (sX^ASp^-H^^^SX^ A5X^e a ^d ai X^...d ap X^ 

~\j dVl ° B ^^-^ 5X " 1 A ^^ ai - ap - 1 da 1 X^...d ap _ 1 X^\ (5.40) 

where the boundary contributions are needed in order uo to be closed, 5u = 0. If we require 
the symplectic form ()5.4()j) to be compatible with the action (j2.fi |) with 9 being a Liouville 
form for uo = 89 then, in order to the exponent of this action to be well-defined, we have to 
impose [(H, B)] G H p+2 (M , D , Z) , where H p+2 (M , D , Z) is an integer relative cohomology 
group. 

Let us introduce a few useful mathematical notions which are generalizations of the ideas 
from ^3] used in the context of T © T* . 

Definition 4 Let M be a manifold with a closed (p + 2)-form H. Then the pair (D,B) 
of a submanifold i : D > M together with a (p + l)-form B G Q P+1 (D) is a generalized 
submanifold of (M, H) iff dB = i*H. 

A generalized submanifold (D, B) is exactly the data we need to construct the phase 
space T*E p Md together with the symplectic structure (|5.4()jl . 

Definition 5 The generalized tangent bundle of the generalized submanifold (D, B) is 

tE = {v + uj eTD® A P T*M\ D : u\ D = i v B} 
isotropic subbundle of (TM © A P T*M) \ D . 

If we choose B — then = TD © A P N*D, where N*D is the conormal subbundle of 
the submanifold D (in other word N*D = AnnTD C T*M). The action of the non-trivial 
automorphism (j3.12|) of TM © A P T*M on generalized submanifolds is given as follows 

e\D,B) = (D,B + b) 
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First consider the simple case when H = and B = 0. Introducing the currents (J3.7|) 
labelled by the section of subbundle L of T M @ A P T* M we can calculate their Poisson bracket 
with respect to the symplectic structure (|2.1j) . Thus in the case of boundary the calculation 
(ETTTH) is modified 

{J ei (v + uj),J 62 (\ + s)} = -J eie2 ([v + uj,\ + s] c ) + 
+§ J d p a ( ei 9 Ql e 2 - e 2 9 ai ei)(z„s + i x u) U2 .. Mp e a ^-^d a2 X' J \..d av X^ + 

+ \ J d p - 1 ae 1 e 2 ( ix u-i v s) U2 ... Up e a ^--^d a2 X^\..d ap X u r (5.41) 

dT, p 

As discussed in Section |3] we have to require that L is an isotropic and involutive subbundle 
of TM © A P T*M. However now we have to take care of the boundary term in (|5.41|) to the 
anomaly. This can be done by requiring that 

(i x uj - i v s)\ D = 

for any (v + uj), (A + s) G C°°(L). Moreover we have to insure that the action of the 
currents (i.e., the transformations they generate) do not change the boundary conditions, 
X(<9£ p ) C D, i.e. v and A restricted to D should be the sections of TD. We can fulfill these 
two conditions together with the isotropy condition of L by the following 

L\ D C TD © A P N*D, 

where L\d is the restriction of subbundle L to the submanifold D. In the general situation 
if we allow a generalized submanifold (D, B) then the correct condition is 

L\d C tE, (5.42) 

i.e. L\d is a subbundle of the generalized tangent bundle of the generalized submanifold 
(A B). 



6 Conclusions 

Let us first of all summarize what we have been finding in the previous sections. We started 
by studying specific current algebras for extended objects requiring the currents to be linear 
in the momenta, do not involve any world- volume metric and do not contain any dimension- 
full parameter. The current algebras where shown to close under the (twisted or untwisted) 
Poisson bracket if their structure is parametrized by an "isotropic" involutive subbundle of 
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T © A P T*. We may interpreted then these currents as first class constraints for topological 
p-branes theories. 

In order to link with the usual Nambu-Goto theory, we required the gauge constraints 
of the topological theory to imply the ones defining the NG theory itself. Equivalently, we 
required the topological brane theory to be a topological truncation of the NG one. We have 
shown that the above requirements, namely the algebra closure and the deformability to the 
NG theory, correspond to the existence of a real cross vector product on the manifold on 
which the p-brane theory is formulated. This mathematical condition reveals to be quite 
restrictive leaving with few well defined cases. These, and the induced p-brane topological 
theories, were listed and analised. One of them was the A-model topological string in six 
dimensions, which we reconstruct in detail. Through an alternative scheme, we reconstructed 
the B-model in its usual formulation too. In seven dimensions we encountered membrane 
theory on G2 manifolds which upon reduction to six dimensions gave the A-model and a novel 
membrane theory naturally coupled to the complex moduli of the six manifold. Analogous 
phenomena appeared in the last case of 3-branes on eight dimensional manifolds admitting 
a Spin(7) structure. 

The reduction of topological F-theory from S'pm(7)-manifold down to S'?7(3)-manifold 
produces a whole set of topological brane theories. Some of them are related to Nambu-Goto 
theories in the way described above. One is the topological membrane theory which should 
be a version of the B-model since it couples naturally to the complex moduli. This should 
be regarded as the nonperturbative completition of the A-model. The whole picture requires 
further study especially at the quantum level. We believe that the present reduction can be 
generalized to BV set-up 11 and we hope to come back to this issue in future. 

Acknowledgement: We are grateful to Nigel Hitchin, Simon Lyakhovich, Alessandro 
Tanzini and Pierre Vanhove for discussions. The research of G.B. is supported by the Marie 
Curie European Reintegration Grant MERG-CT-2004-516466, the European Commission 
RTN Program MRTN-CT-2004-005104 and by MIUR. M.Z. thanks SISSA (Trieste) where 
part of work was carried out. The research of M.Z. was supported by EU-grant MEIF-CT- 
2004-500267. 

Note added in Proof: After we have finished this work we became aware of two interesting 
works. In [H] the authors discuss the gauging of sigma model with boundary. Motivated by 
their example they argue that the notion of isotropic subbundle f|3.14|) can be extended to 

~(i v s + i\uj) = (v + u,X + s) = dq, 

where q G Q P ^ 1 (M). We find this observation interesting. However it is not clear to us the 
11 For some discussion of BV formalism applied to open topological membrane see [25111%) . 



16 



proper interpretation of this condition within our motivating example. 

Also after our paper appeared on the net the different proposal for microscopic description 
of topological M-theory has been given in 

A Appendix: brackets on C°°(T A P T*) 

In this Appendix we collect the relevant properties of the brackets [[ , ]] and [ , ] c defined 
on the sections of T© A P T*. The proofs of these properties are similar to those presented in 
[22], in the context of Courant algebroid. 

On smooth sections of T © a p T* we can define the bracket 

[[v + 10, A + s]] = [v, A] + C v s - C\uj + d(i\u), (A.l) 

which is not skew- symmetric. However it satisfies a kind of Leibniz rule 

[[A, [[B, C\\ ]] = [[ [[A, B]\, C\\ + [[B, [[A, C}} ]], (A.2) 

where A,B,C G C°°(T © A P T*). The property (jA.2|) is easily proved from the definition 
(|A.1|) . In fact the bracket [[ , ]] makes C°°(T © A P T*) into a Loday algebra. Next we define 
a new bracket [ , ] c as anitsymmetrization of [[ , ] 

[A,B] C = ~([{A,B]}-[[B,A]}). (A.3) 
The explicite expresion for [ , ] c is given by 

[v + u, A + s] c = [v, A] + C v s - C\uu - ^d(i v s - (A.4) 
Let us introduce "pairing" between two sections of T © A P T* 

(v + u, A + s) = ^(i v s + (A. 5) 

which is a map 

(T © A P T*) x (T © A P T*) -> A p - l T\ (A.6) 
where A°T* = R. Thus the relation between two brackets (|A.1|) and (|A.4|) is as follows 

[AS] c =[[A5]]-d(AS). (A.7) 

The bracket [ , ] c does not satisfies the Jacobi identity. However it is interesting to examine 
how it fails to satisfy the Jacobi identity. Let us introduce a trilinear operator, Jacobiator, 
which measures the failure to satisfy the Jacobi identity 

Jac(A, B,C) = [ [A, B] e , C] c + [ [B, C] c , A] c + [ [C, A] c , B] c . (A.8) 
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We can prove the following property 



Jac(A, B,C) = d (Nij(A, B, C)) 



(A.9) 



where Nij is the Nijenhuis operator 



Nij(A, B,C) = - (([A, B] c , C) + ([B, C] c , A) + ([C, A] c , B)) . 



(A.10) 



In order to prove (jA.9|) we note that 



[ [A, B} c , C] c = [[ [[A, B}}, C}} - d([A, B] c , C) 



(A.11) 



where we have used (IA.7J) and the fact that [[u, C]] = whenever uj is closed form. 

As corollary of (|A.9|) we can establish a few useful theorems. Let us call a subbundle 
L C T© A P T* isotropic if for any A, B e C°°{L), (A, B) = 0, where ( , ) is defined by fjA~5|) . 

Theorem 6 If subbundle LcT® ^PT* is isotropic and involutive with respect to bracket 
[ , ] c then Nij\l = and Jac\i = 0. 

Thus the bracket [ , ] c restricted to isotropic involutive subbundle of T © A P T* is a Lie 
bracket. If we add the requirement of maximality to isotropic condition then there is the 
following theorem. By maximal isotropic subbundle L we mean that if the condition 



is satisfied for all (v + u) G C°°{L) then (A + s) G C°°{L), where ( , ) is defined by (fA~5|) . 

Theorem 7 If subbundle L C T©A P T* is maximally isotropic then the following statements 
are equivalent: 

• L is involutive with respect to [ , ] c 

• Jac\L = 



For p — 1 a maximally isotropic involutive subbundle of T©T* is called a Dirac structure. 
Thus for the case p > 2 we refer to a maximally isotropic involutive subbundle of T © A P T* 
generalized Dirac structure. 



(v + ou, A + s) = 
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B Hamiltonian constaints for p-brane 



In this Appendix we remind the elements of Hamiltonian analysis of the standard p-brane 
theory. The p-brane theory describes the embedding of a (p + l)-dimensional world-volume 
into a (^-dimensional manifold M. The Nambu-Goto action is given by the volume of the 
embedded (p + 1) manifold 

S = -T p J d p+1 a ^det( 9lMU d a X^d b X-), (B.l) 

where is the metric with Euclidean signature on M and T p is brane tension. If we put 
T p = 1 then we choose that dim[X] =0. In order to carry the Hamiltonian analysis we 
assume S p +i = £ p x R, i.e. a a = (a a , a ) with a being the evolution parameter. 

Denoting by p M the momenta conjugate to X M and starting from the Nambu-Goto action 
(|B.1J) the constraints can be worked out as [Zj 

n = g^P^Pv - det(g Q/3 ) (B.2) 

n a = p,d a X» (B.3) 

where 

q a p = g^d a X^X v (B.4) 
is induced spatial metric on the brane. 
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